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Some oscillation criteria are established for certain second order nonlinear dif- 
ferential equations of the form 
(40 $(x(r)) X’wY +P(I) s’u) +df).f(x(G) =O. 
These criteria improve upon some of the known results by Kura, Kamenev and 
Philos. If’ 1987 Academic Press, Inc. 
1. INTRODUCTION 
Consider the nonlinear second order differential equations 
(a(t)~(x(t))x’(t))‘+p(t)x’(t)+q(t)f(x(t))=O, (1) 
and 
(a(t) $(x(t)) x’(t))’ +p(t) x’(t) + dt)f(x(t)) = b(t), (2) 
where a, b, p, q: [to, 00) --t R= (--co, co), $, f: R+ R are continuous, 
a(t)>0 and xf(x)>O for x#O. 
We restrict our attention to those solutions of Eqs. (1) and (2) which 
exist on some ray [t, , cc ), where t , 2 t, and which are nontrivial in any 
neighborhood of infinity. Such a solution is called oscillatory if it has 
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arbitrarily large zeros. Otherwise the solution is called nonoscillatory. An 
equation is called oscillatory if all its solutions are oscillatory. 
Many authors considered the second order sublinear differential 
equation 
x”(t)+q(t)l~(t)(~sgnx(t)=O, O<a<l, (3) 
where q: [to, co) + R is continuous, and established sufficient conditions so 
that all solutions of Eq. (3) are oscillatory. Some of these conditions are: 
s”q(s) ds = cc (Belohorec [ 1 ] ), (4) 
s 
x lj s q(s) ds = co 
10 
for some /?E [0, X] (Belohorec [a]), (5) 
lim sup f 
f 
ss 
.\ 
q(t) dt ds = uz (Kamenev [ 6]), (6) 
I + % 4 10 
lim sup f i’ j’ B ,(1 ,,)T q(T)dTds=a for some /?E [0, a], (Kura [7]). (7) I + x 
Kura’s criterion (7) improves those of Belohorec and Kamenev. Philos [8] 
extends Kura’s result to more general equations of the form 
where p, q: [to, co) -+ R, ,f: R + R are continuous, xf(x) >O, f’(x) > 0 for 
x #O and f is strongly sublinear, i.e., Sk0 da/‘(u) < co. The oscillatory 
behavior of the equation 
(a(t) X’(f))’ + q(t)f(x(f)) = 03 (9) 
where a: [r,, a) -+ (0, co), q: [to, co)+ R, and f: R -+ R are continuous, 
xf(x) > 0 and f’(x) >, 0 for x # 0 and J” (l/a(s)) ds = co, was discussed by 
Bhatia [3]. He proved that the condition 
s 
x 
q(s) ds = co (10) 
is sufficient for all solutions of Eq. (9) to be oscillatory. Bhatia’s result was 
extended by Graef, Rankin, and Spikes [S] and the present authors [4] to 
more general equations of the form (1) with ti(x) = 1. 
The purpose of this paper is to extend and considerably improve the 
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above-mentioned results of Belohorec, Bhatia, Kamenev, Kura, and Philos. 
We also impose conditions under which every solution x(t) of Eq. (2) has 
lim,,, inf x(t) = 0. The result obtained generalizes and unifies the one 
obtained by Philos. 
2. MAIN RESULTS 
The following theorem is concerned with the oscillatory behavior of 
Eq. (1) where the damping coefficient p(r) is nonpositive. 
THEOREM 1. Let p(t) ,< 0 for t 2 to, It/(x) 2 c > 0, f’(x)/$(x) z c( > 0, for 
x#O, and 
I x. 1 ads= *. (11) 
Suppose that there is a differentiable function p: [to, 00) + (0, 00) such that 
P(t)>0 and 
($&f&)*] ds= m, (12) 
then Eq. (1) is oscillatory. 
Proof Let x(t) be a nonoscillatory solution of Eq. (1 ), say x(t) > 0 for 
tat, 3to. Put 
O(t) = p(t) a(t) Ii/(x(t)) x’(t) 
f(x(t)) 
Then 
o.(t) = p(t) ((a(t) $(x(t)) x’(t))’ + p.(t) a(t) v+(t)) x(t) 
f (x(t)) f(x(t)) 
P(l) a(t) IC/(x(t)) f’(x(t)) x’*(t) 
f *(x(t)) 
= -p(t)q(t)+ ( 
P’(t) P(t) -- 
p(t) a(t) $(x(t)) w(t) > 
f ‘(x(t)) 
-a(t) p(t) cC/(x(t)) o*(t) 
216 GRACE AND LALLI 
f -p(t) 4(t) + ?%!g!!2 [E&~]2. 
Integrating the above inequality from t, to t (2 t,), we obtain 
p(t) a(t) t+(t)) x.(t) 
.f(x(t)) 
<p(t,)a(t,)~(x(t,))~(t,) \ 
,f(-~(t,)) 
- 
l c 
’ P(S) q(s)-- lI 
ai,, [$$+y] dS. 
1 
2 
(13) 
In view of condition (12), it follows from (13) that there exists a t, 2 t, 
such that x’(t) <O for t > t,. It also follows from (12) that there exists a 
t, >, t, such that 
~“p(s)~(s)ds=O and ~‘p(s)y(s)ds>O for tat,, 
12 13 
where 
Integrating Eq. (1) by parts we have 
a(t) ~(x(t))x.(t)=n(r,)~(x(t,))x.(t,)--S'P(x)X.(S)ds-/I ds)fW))ds. 
13 4 
Since p(t) < 0, we obtain 
a(t) b+(t)) X’(f) 
d 4t3) bw(t3)) x’(t3) 
q(s)-- ;z [!i&~~]~#) ds 
P’(S) P(S) * P(S) 4s) 1 f(x(s)) d  
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Thus 
By virtue of (11) and the fact that x(f3) < 0, it follows that 
J:, +(x(s)) x.(.7) d s + -cc as t + co, which contradicts the assumption that 
x(t) > 0 for t 3 t,. The proof of the case that x(t) < 0 for t 3 t, is similar 
and hence is omitted. 
Remark. If $(x) = 1, then the damping coefficient p(t) need not be of 
fixed sign, and when p(t) = 1, the condition f’(x)/+(x) 2 c( > 0 can be 
replaced byf’(x) > 0 for x # 0. Thus our Theorem 1 includes Theorem 1 in 
[3], Theorem 1 in [4] and Theorem 1 in [S]. For illustration we consider 
the equation 
x..(l)+; i+sin t x(t)=O, 
( 1 
t > 0. 
Each one of Theorem 1 in [3], Theorem 1 in [4] and Theorem 1 in [S] 
ensures the oscillation of Eq. (14) only if c1r = 0 while Theorem 1 implies 
the oscillation of Eq. (14) for c(r = 1. 
Here are some further illustrative examples. 
EXAMPLE 1. Consider the equation 
1 sin t (t1/2(2-sinx)x.)‘-tP”2x.+-~ t 2-sintX=0’ r>o. (15) 
Here 
f'(x) ~=2e;inx+n>0. 
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All conditions of Theorem 1 are satisfied where we take p(t) = t, and hence 
Eq. (15) is oscillatory. 
EXAMPLE 2. Consider the equation 
(J ln(e +x2) x’). - t -‘I2 t>O. (16) 
Here 
.f’o = 1 + 3x2 
I)(X) ln(e +x2) 
>l=cc>O. 
All conditions of Theorem 1 are satisfied for p(t) = t, and hence all 
solutions of Eq. (16) are oscillatory. 
We believe that the oscillatory behavior of Eqs. (15) and (16) is not 
deducible from known oscillation criteria. 
THEOREM 2. Let Il/(x)>c>O,f’(x)>Ofor x#O, 
s $(u) -du<co +of(u) and I Ii/(u) -du<oo, -0 f(u) (17) 
and assume that there is a twice differentiable function p: [to, a~) -+ (0, 00) 
such that 
p.(t)<O, p(t)($f+z($$))<O for tat, (18) 
and 
-q(r)dzds=oo, 
then Eq. (1) is oscillatory. 
(20) 
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Proof Let x(t) be a nonoscillatory solution of Eq. (1). Assume x(t) > 0 
for t3t13t0. Put 
w(t) = P(f) e(t)). 
It is easy to verify that 
where al(t) = (p(t) ti(x(t)) x.(t))/f(x(t)) so we have 
w-(t) = - $$t)+ 
r 
- 
+ P”(t) F(X(l)). 
Using (8), we have 
P(f) P(l) 9+(x(t)) o-(t)< --q(t)+-- 
a(t) 4 S’(x(t)) 
x[~+~(~)-~~+~..(I)F(xo) 
= -Poq(t)+ P”(f) be(t)) 
a(t) f ‘b(t)) 
X 
I 
F(x(t))f’(x(t)) + P(l) P’(t) a(t) P(i) . 
*(x(t)) mj(m+ai;i(;) -~)21~ 
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o-(t) Q -p(t) q(t). 
a(t) 
Integrating (21) twice over [t, , t), t, > t, we have 
’ sP(z) 
SI -q(2)dzds~w(t,)+(t-t,)o.(t,). 1i rl 47) 
(21) 
(22) 
After dividing (22) by t we take the upper limit as t + cc to arrive at 
lim sup f jr 1 s P(T) 
I-+X ,] ,1a(5)qw~~-w= 
which contradicts (20). Hence the proof is complete. 
For illustration we consider 
EXAMPLE 3. The equations 
cos t 
( t4’3X. ). + - 
4t 
x’ + (t* sin t) x1j3 = 0, t > 0, (23) 
(t”3(l+x2)x~)~*~x~+(t2sinr)x1’3=0, r>o (24) 
and 
cos t 
(t4’3(2-sinx)x.).f- 
4t 
X’ + (t2 cos 1) x1’3 = 0, t>o (25) 
are oscillatory by Theorem 2 for p(t) = t2j3, whereas we believe that none of 
the results in [l, 2, 6, 7, S] can be applied to any one of these equations. 
The following theorem is concerned with the asymptotic behavior of 
solutions of equation (2). 
THEOREM 3. Let b: [to, a~) -+ R be continuous, t&x) >, c>O and 
f’(x) > 0 for x #O and let condition (17) hold. If there is a twice differen- 
tiablefunction p: [to, co)+ (0, GO) such that conditions (18) and (19) hold 
and, in addition, 
lim sup .! J’ j f ,. ,;g [q(z)-c, lb(~)11 dtds= 00, (26) ,+ClZ 
SECOND ORDER NDE’S 221 
for every c, > 0, then for all solutions x(t) of Eq. (2), we have 
lim inf x( t) = 0. 
, + m 
Proof: Let x(t) be a solution of (2) defined on an interval [tl , co), 
t, 2 to, with lim, _ c infix(t)1 >O. We observe that x(t) is always non- 
oscillatory and hence we suppose without loss of generality that x(t) # 0 for 
all t 3 t, . Next, we define 
a(t) = P(t) e(t)). 
As in the proof of Theorem 2, we have 
p(t) b(t) o-(t)< -Zq(t)+-- -- 
a(t)f(x(t)) 
+ P(t) $(x(t)) 
4 f’@(t)) 
x[~+~(~)-~~2+p..lt)~(x(t)) 
P(t) h(t) = -gq(t)+--- 
a(t)f(x(t)) 
+ p-(t) cC/(x(t)) 
f ‘(x(t)) 
X 
[ 
&-4t))f’(x(t))+ p(t) p’(t) a(t) p(t) . 
W(t)) im[;;i;r+;i;i(;) -i# 
Using (19), we get 
P(t) INt)l w(t)< -$&J(t)+---, 
a(t) Ifc,)l 
(27) 
where c, = inf, a ,l x(t) for x>O, c, =suprar, x(t) for x < 0. Integrating (27) 
twice over [t, , t), t, 3 to we have 
lb(z)1 dz dsdw(t,) + (t-t,) ojtl). (28) 
If we divide (28) by t and take limit superior as t -+ co, we obtain the 
desired contradiction. This completes the proof. 
Remark. Our Theorem 3 is stronger and more general than Theorem 4 
in [S]. To see this consider the equation 
x..(t)+t-‘x’i3(t)=2t-3+t--4’3, t > 0. (29) 
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It is easy to check that the hypotheses of Theorem 3 are satisfied for 
p(t)= t”3 and hence every solution x of Eq. (15) satisfies 
lim,,, inf x(t) = 0. One such solution is x(t) = l/t. We note that 
Theorem 4 in [S] fails to apply to Eq. (15), since . s O" s"3[2s-3 +s-4'3] ds= 00. 
The following corollary is an immediate consequence of Theorem 3, and it 
Gicludes Theorem 4 in [S] as a special case. 
COROLLARY 1. Let condition (26) in Theorem 3 be replaced by 
-q(T) dz ds = 00 
and 
(30) 
(31) 
then the conclusion of Theorem 3 holds. 
The following examples are illustrative. 
EXAMPLE 4. The equation 
(t(1 +x2) x.)’ + t-“3x1i3 = t-II3 sin’j3(ln t) -f sin(ln t) 
x [ 1 - sin2(ln t) + 2 cos2(ln t)], (32) 
for t > 0, has an oscillatory solution x(t) = sin(ln t), lim,, o. inf 
sin(ln t) # 0. All conditions of Corollary 1 are satisfied for p(t) = (t)“3 
except condition (3 1). 
EXAMPLE 5. Consider the equation 
(t( 1 + x2) X’)’ - (P + P) X’ + f t ~ l/3x1/3 
= 4 t-v3, t > 0. (33) 
We let p(t)=t . ‘I3 Conditions (18) and (19) of Corollary 1 are violated. 
Equation (33) has the nonoscillatory solution x(t) = t1j3 + 00 as t -+ co. 
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EXAMPLE 6. The equations 
(t(1 +Ixl”)x).--fx.+t 2’31x11sgnx 
4 l+cc =-+- 
3t2 
f2+l + tr’2’3’- a, 
for f<sl< 1 and t>O and 
(t(2 - sin u) x.). + 4x. + t ‘/3)x1:3 
15 111 
=t’ 
[ 
t+7-sin;-fcos; , 1 t>o 
(34) 
(35) 
have a nonoscilllatory solution x(t) = l/t -+ 0 as t + 3~. 
All conditions of Theorem 3 are satisfied. 
Remark. The results of this paper can be extended, without any change 
in the hypotheses, to equations of the form 
(a(t)$(x)x’)‘+p(t)x’+F(t,x)=O, (36) 
where F: [t,,, cc ) xR + R is continuous. Here we assume that there is a 
differentiable function f: R -+ R such that 
F(t, .x) 
-bq(t) 
fb) 
for tat, and x # 0. 
The functions a, p, q, II/, and f are as given above. Accordingly, the 
equations 
and 
sin t 
( t4”( 1 + X2) x.). f - x’ + t 
4t 
‘/3x’/3 exp(sin .x) = 0, t>o (37) 
are oscillatory by Theorem 2 for p(t) = t2,‘3. 
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